Let k be a number field and F a polynomial in k[x] with degree ∂(F ) and F (0) = 0. As in our work [2] we consider the problem of estimating the number of irreducible factors of F in k[x] in terms of ∂(F ) and of the height of F. In this paper we shall give bounds on the size ∂(F ) provided the factors are counted without their multiplicities e(n, s).
Introduction
Let k be an algebraic number field and let F (x) be a polynomial in k [x] of degree ∂(F ) with F (0) = 0. As in [2] we shall consider the problem of estimating the number of irreducible factors of F in k [x] in terms of ∂(F ) and of the height of F. We shall give bounds on the size of ∂(F ) provided the factors are counted without their multiplicities e(n, s).
Let Φ n (x) in Z[x] denote the n-th cyclotomic polynomial. We assume that Φ n factors in k[x] as Φ n (x) = δ(k;n) s=1 Φ n,s (x), (1.1) where each factor Φ n,s is monic and irreducible in k [x] . If ζ n is a primitive n-th root of unity then each factor Φ n,s has degree [k(ζ n ) : k]. As Q(ζ n )/Q is Galois we have
Here e(n, s) 0, m(i) 1, and f i (x), i = 1, 2, . . . , I, are distinct, irreducible, noncyclotomic polynomials in k[x]. There will be no loss of generality if we assume that F is monic and hence that each f i is monic and has ∂(f i ) 1. Of course e(n, s) = 0 for all but finitely many pairs {n, s}, has 1 s δ(k; n). Thus the total number of cyclotmic factors of F counted with multiplicity is
s=1 e(n, s), and the total number of noncyclotomic factors counted with multiplicity is I i=1 m(i), (see for example [5] ). Obviously we have the trivial bound 5) and in general nothing more can be said. However, if ∂(F ) is large compared with log H(F ) we may expect to obtain sharper bounds. Throughout this work, as in [2, 3, 4, 5] , c(k) is defined by
,
Of course the integer J is finite by the theorem of Kronecker-Weber. In particular we have
and more generally there is the upper bound
where τ is the divisor function.
Main Results
In our previous work [2] one can see that all bounds in are never any smaller than ∂(F ) log ∂(F ). However if these same factors are simply counted without their multiplicities e(n, s), bounds of size ∂(F ) are fairly obtained. Our main result contains several results of this general form
factoring as indicated in (1.4). Counting without multiplicity the cyclotomic factors satisfy the following elementary bounds. Then for any ε > 0
3)
is sufficiently large.
Auxiliary Lemmas
To prove the main results of this paper we need the following two lemmas 
2) where J is the field constant
These quantities possess the following upper bounds
5)
and for a general cyclotomic field
Applying Lemma 3.1 we prove
Proof. The above lemma can be easily obtained from the definition of c(k) and b(k) via partial summation. Let 
The sum (3.8) follows in the same way.
Proof of Theorem 2.1
First, arrange the cyclotomic polynomials Φ n,s (x) in k[x] in order of increasing degree. Let P m (x) denote the m-th polynomial and Q m (x) the m-th Φ n,1 (x) to appear in the list. Similarly order the positive integers n in terms of increasing ϕ(n) with n m denoting the m-th element of this list. Note, when k = Q we have
From the definition of b(k) and c(k) it is easy to see that once ∂(Q m ) and
Consequently once m m 0 (ε, k)
In particular from the case 5) for all m m 0 (ε) sufficiently large.
Let F (x) be our polynomial factoring in k[x] as shown in (1.4) and use U, V and W to denote the required sums;
Then, by (3.7) and (4.3), as long as U U 0 (ε, k) show respectively the sharpness of (2.1), (2.2) and (2.3).
